By employing the Stroh formalism for plane anisotropic thermoelasticity, closed-form solutions for the orders of stress and heat flux singularities of multi-material wedges have been obtained. Several different boundary conditions are considered in this paper such as insulated or isothermal as well as free-free or fixed-fixed or free-fixed or fixed-free wedge boundaries. The solutions show that the singular orders are influenced by the wedge configurations (n wedge angles), boundary conditions, elastic constants and heat conduction coefficients, but are independent of the thermal moduli.
INTRODUCTION
The stress singularity may occur in an elastic solid when discontinuities are present in the geometry, materials or loads, such as cracks, multilayer media or point forces. Due to the extremely high stresses near the points of discontinuity, failure is usually initiated at such locations. The study of the singularity is generally helpful for the understanding of failure initiation. Because of its importance, the problems of stress singularity for the multi-bonded wedges have been studied vastly in the literature such as [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Recently, my co-workers and I found a key matrix that includes the information of material properties and wedge angles and are related to the Stroh's fundamental matrix used for the anisotropic elasticity [14] . Through this key matrix, we found that the closedform solutions for the orders of stress singularity can easily be constructed by simple multiplication of the key matrix for each bonded wedge. With this advantage, in the present paper we extend our work to another important topic -thermal effects on the singular behavior. and i h be, respectively, the displacement, stress, strain, temperature and heat flux. If we ignore the coupling terms between the elastic deformation and heat conduction, a general solution satisfying all the basic equations of plane anisotropic thermoelasticity can be written as [15] , , 
SINGULARITIES IN MULTI-MATERIAL WEDGES
In the above Re stands for the real part of a complex number; the prime (') denotes differentiation with respect to its argument; a comma stands for differentiation. h, u and are, respectively, the heat flux vector, displacement vector and stress function vector;
are four holomorphic complex functions which will be determined through the satisfaction of the boundary conditions. ij k are the heat conduction coefficients. k µ and
are the elasticity eigenvalues and eigenvectors which are determined by the elastic constants.
and (c, d) are the thermal eigenvalues and eigenvectors which are related to the heat conduction coefficients and thermal moduli. The detailed explanation of all these symbols can be found in [15] .
To consider the stress and heat flux singularities at the wedge apex, the unknown functions ) (z f and ) ( t z g in the general solution (1a) are assumed as
where is the singular order to be determined from the boundary conditions, and p and q are the associated coefficients. The angular bracket <> stands for a diagonal matrix in which each component is varied according to its subscript. In this paper, we use subscript * to stand for a 3 3 diagonal matrix, and subscript to stand for a 2 2 diagonal matrix, e.g.,
where the overbar denotes the complex conjugate. Since the stress is proportional to the first derivative of the stress function, if 0 ) Re( > the stress at the wedge apex will be singular. However, when 1 ) Re( > the strain energy of the elastic wedge may become unbounded. Hence, when one is concerned about the stress singularity, it is usual to consider the region . 1 ) Re( 0 < < (3) However, it should be noticed that in this region, not only the stresses will be singular but also the temperature and heat flux will be singular. Since the singularity of the temperature field is generally not permissible, when we discuss the heat flux singularity we will restrict our region to . 0 ) Re( 1 < < (4) In other words, when we discuss the stress singularity we consider the region shown in (3), whereas for the heat flux singularity we consider the region in (4). Substituting (2) into (1a), and considering that the singular order may come in pair if they are complex [14] , the temperature, heat flux, displacement and stress function vectors of each wedge may be expressed as 
where 1 p , 2 p , 1 q and 2 q are complex coefficients to be determined through the satisfaction of the boundary conditions. If the singular order is a real value, 1 q and 2 q should be complex conjugate to keep the temperature and heat flux to be real, and so are 1 p and 2 p to keep the displacements and stresses to be real. Generally, they are not necessary to be complex conjugate. The final real values of the temperature, heat flux, displacements and stresses will come from the superposition with another set of solution whose singular order is . For the description of boundary conditions of the wedge problems it is better to use the polar coordinate system ) , ( r where the origin is located at the wedge apex and sin , cos 
where cos sin
(7b) By using the polar coordinate system and the two new vectors to re-organize the equations obtained in (5), the general solutions of each wedge may now be expressed as [16] { }, 
and N is the 6 ¢ 6 fundamental matrix of elasticity [17] . p and q are, respectively, 6 ¢ 1 and 2 ¢ 1 unknown coefficient vectors to be determined through the satisfaction of boundary conditions. Consider a multi-material wedge that consists of n different anisotropic elastic wedges. Assume perfect bond along each interface between two dissimilar wedges and each wedge occupies the region 
(10) where the subscript k are used to denote the quantities pertaining to the kth wedge.
By using the general solutions obtained in (8) , and repeated using the continuity conditions (10) for each interface, we can obtain [16] 
In (11c), ) ( and ) ( N are the generalized thermal eigenvalue and fundamental matrix whose definitions can be found in [15, 17] .
Note in (11b) the results after the multiplication operator is enforced to be unity if the starting index is larger than the end index, for example,
For the purpose of the following discussions, we now divide the 2×2 matrix T K , 6×2 matrix 
are respectively, scalars, 3×1 vectors and 3×3 matrices. By using the sub-matrices defined in (12) and (7a), equation (11a) can be rewritten as 
BOUNDARY EFFECTS
We now consider a multi-material wedge for which the surfaces at 0 = and n are insulated or isothermal, traction free or fixed.
Insulated Boundaries
When both of the surfaces at 0 = and n are insulated and traction-free, the boundary conditions can be expressed as . 
which will provide the singular orders. Either of the roots of the determinant obtained from (16) provides the stress singularities . The former is related to the heat conduction coefficients, whereas the latter is related to the elastic constants and is identical to that obtained by Ting [9] and Hwu, et al. [14] for the cases without considering the thermal effects. It should also be noted that the results are independent of the thermal moduli ij ) . Moreover, consideration of the thermal effects will not change the original singular orders obtained from the elastic constants but will add additional singular orders to the multi-material wedges. However, if we restrict our consideration to the region that 0 } Re{ 1 < < , i.e., the temperature field should not be singular, then from (5) we see that no stress singularity will occur. In other words, under the assumption of uncoupled static thermoelasticity, consideration of the thermal effects (e.g., the mismatch of thermal properties of multi-bonded wedges) will not influence the stress singularity but will induce the heat flux singularity. This is reasonable and expectable for the uncoupled static thermoelasticity considered in this paper.
When both of the surfaces at 0 = and n are insulated as well as fixed-fixed or free-fixed or fixed-free, the boundary conditions can be written as 
Isothermal Boundaries
When the surfaces at 0 = and n are isothermal as well as free-free or fixed-fixed or freefixed or fixed-free, their boundary conditions and corresponding results are . When one of the surfaces at 0 = and n is insulated and the other is isothermal, no matter they are free-free or fixed-fixed or free-fixed or fixed-free, the singular orders for the stresses will still be the same those obtained in Sections 3.1 and 3.2 while the thermal singularities can be found from 
CONCLUDING REMARKS
Several different combinations of multi-material wedges are considered in this paper such as multi-bonded wedges with insulated or isothermal as well as free-free or fixed-fixed or free-fixed or fixed-free wedge boundaries. All these problems have been solved analytically by employing the Stroh formalism for plane anisotropic thermoelasticity and their closed-form solutions for the orders of stress and heat flux singularities are obtained explicitly.
